In this paper we derive an integral equality for a possible global weak solution to the time dependent compressible Euler equations under certain conditions of integrability for the density and the velocity fields. One immediate consequence of this equality is the nonexistence of global time dependent weak solution to the compressible Euler equations on R N , N ≥ 1, which satisfies the integrability and a sign condition for the initial data. Similar results are also proved for the compressible Navier-Stokes equations and the compressible magnetohydrodynamics equations.
Introduction

Compressible Navier-Stokes(Euler) equations
We are concerned on the compressible Navier-Stokes equations(NS)[Euler equations(E) for µ = λ = 0] on R N , N ≥ 1.
(NS, E)
∂ t ρ + div(ρv) = 0, ∂ t (ρv) + div(ρv ⊗ v) = −∇p + µ∆v + (µ + λ)∇div v + f, ∂ t S + (v · ∇)S = 0, ρ ≥ 0, p = p(ρ, S) ≥ 0(p = 0 only if ρ = 0), (ρ, v, S)(x, 0) = (ρ 0 , v 0 , S 0 )(x).
The system (NS,E) describes compressible gas flows, and ρ, v, S, p and f denote the density, velocity, specific entropy, pressure and the external force respectively. We treat the viscous case µ > 0(compressible Navier-Stokes equations) and the inviscid case µ = λ = 0(compressible Euler equations) simultaneously. For surveys of the known mathematical theories of the equations we refer to [4, 5, 6] for example. Our aim here is to prove nonexistence of non-vacuum(ρ = 0) global weak solutions to the system (NS, E) under suitable integrability conditions for the solutions and sign condition for the initial data. This implies that in some cases, even if the finite blow-up happens for certain smooth initial data, it could not be continued as a physically meaningful global weak solution afterwards, which satisfies appropriate space-time integrability conditions. One of the integrability conditions is actually weaker than the standard finite energy condition, and the other one is the condition of spatial decay combined with the temporal growth of the density ρ(x, t). The results of this type could be regarded as Liouville type theorems for the compressible fluid equations. The Liouville type of theorems for the incompressible Euler equations are recently studied by the author of this paper in [1, 2] , where we need to impose extra condition for the sign of the integral of pressure as well as the integrability conditions for the velocity. In the case of compressible fluid, however, we do not need such extra sign condition for the pressure integral, since the sign of pressure is automatically nonnegative everywhere. Based on this observation, nonexistence of non-vacuum stationary weak solution for compressible fluids is shown for the compressible fluid equations in [3] . Similar nonexistence results also hold for the compressible magnetohydrodynamic equations for N ≥ 2, which are stated in the next subsection. A weak solution of (NS,E) is defined as follows.
3) ρ ≥ 0, p = p(ρ, S) ≥ 0(p = 0 only if ρ = 0).
(1.4)
In the above the derivatives of ξ ∈ C 1 0 ([0, ∞)) at t = 0 should be understood as ξ ′ (0) := ξ ′ (0+). 
loc ([0, ∞)) be given, which is positive almost everywhere on [0, ∞), and let (ρ 0 , v 0 ) satisfy
for all T > 0. Then, necessarily we have the equality 
for some constant C independent of x. Thus the condition for the initial data (1.5) and (1.9) are implied by
respectively, while the conditions for the solution (1.6) and (1.7) are implied by lim sup
respectively. Note that the condition (1.14) is even weaker than the finite energy condition, in the sense that it is implied by the finite energy condition(that is obtained by (1.7) choosing w = 1 on [0, ∞)). Thus, we have the following immediate corollary of the above theorem. It would be interesting to notice that the strict inequality in (1.12) resembles(coincides if we choose w = 1) one of the conditions of the initial data for the finite time blow-up proved in [7] . 
satisfying one of the following conditions depending on µ and λ.
for all T > 0.
Compressible MHD equations
In this subsection we are concerned on the compressible magnetohydrodynamic equations on R N ,
The system (MHD) describes compressible charged gas flows(plasma gas), and ρ, v, H, S, p and f denote the density, velocity, magnetic field, specific entropy, pressure and the external force respectively. If µ = λ = 0 we say (MHD) is inviscid; otherwise it is said to be viscous. A weak solution (ρ, v, H, S) of (MHD) with forcing f is defined as follows.
be given, which is positive almost everywhere and non-increasing on [0, ∞), and let the initial data (ρ 0 , v 0 ) satisfy
is a global weak solution to the inviscid MHD with the initial data (ρ 0 , v 0 , H 0 , S 0 ), satisfying the following conditions depending on N ≥ 3 and N = 2.
(i) The case N ≥ 3:
Then, necessarily we have the equality, 
Then the finite energy global weak solution to viscous MHD, satisfying lim sup
corresponds to the vacuum. If strict inequality holds in (1.35) or (1.36), then there exists no finite energy global weak solution. 
(1.37)
Suppose (ρ, v, H, S) is a global weak solution to the viscous MHD such that the initial data (ρ 0 , v 0 , H 0 , S 0 ) satisfies
and one of the following conditions depending on µ and λ.
for all T > 0. Then, for each R > 0, we define
We also introduce η ∈ C ∞ 0 ([0, ∞)) as follows.
and 0 ≤ η(t) ≤ 1 for all t ≥ 0. Then, we set
On the other hand, substituting φ(x) = ∇ϕ R (x), ξ(t) = η ′ τ (t) into (1.1), we find that
as R → ∞ by the dominated convergence theorem. In terms of the function W (·) defined in (2.2) our condition (1.7) can be written as
we can use the dominated convergence theorem to show that
as R → ∞. Similarly,
as R → ∞. For I 5 we estimate
as R → ∞ by the dominated convergence theorem. Similarly
and
as R → ∞. The estimates for I 9 , I 10 and I 11 are similar to the above, and we find
16)
as R → ∞ respectively. Thus, passing R → ∞ in (2.6), we obtain
as τ → ∞. Next, we observe that, by our definition on W (|x|) in (2.2) and the hypothesis on w(r), we have
Thus, applying the monotone convergence theorem, we obtain
as τ → ∞. Thus, passing τ → ∞ in (2.18), we find that
which proves (1.8).
Proof of Theorem 1.2 Suppose there exists a global weak solution (ρ, v, S) satisfying (1.1)-(1.4)(with µ = 0). Here, we choose the vector test function as
23)
where σ is the cut-off function defined in (2.1). Similarly to the proof of Theorem 1.1 we also introduce η ∈ C ∞ 0 ([0, ∞)) as follows.
and η τ (t) = η t τ .
(2.25)
On the other hand, substituting φ(x) = ∇ϕ R (x), ξ(t) = η ′ τ (t) into (1.1), then similarly as before, we find that (note that ξ(0) = η ′ τ (0) = 0)
as R → ∞ by the dominated convergence theorem. We also have
29)
as R → ∞. For I 5 , I 6 we estimate
as R → ∞ by the dominated convergence theorem. Similarly 
|p(x, t)| dxdt → 0,
|p(x, t)|dxdt → 0, (2.35) and
as R → ∞ respectively. Now we show the vanishing of the viscosity term as R → ∞. If 2µ + λ = 0, then I 12 = 0 obviously. If 2µ + λ = 0, then we compute and estimate
as R → ∞. Thus passing R → ∞ in (2.26), we obtain
as τ → ∞. By the monotone convergence theorem we deduce with the error term satisfying ε(R, τ ) → 0 as R → ∞ for each τ ∈ (0, ∞).
Case N ≥ 3 :
We pass R → ∞ in (2.42), and rearrange the remaining terms as follows. Hence, the integrals of the left hand side of (2.42) are all nonnegative, and we can pass τ → ∞, and apply the monotone convergence theorem to deduce (1.31).
The case N = 2 :
In this case we choose N = 2 and w(r) ≡ 1 on [0, ∞) in the above, then (2.42) can be reduced to with the error term ε(R, τ ) vanishing as R → ∞ for each τ > 0. Thus, passing first R → ∞, and then passing τ → ∞, and using (2.39), we obtain (1.31).
Proof of Theorem 1.4 The proof is similar to that of Theorem 1.2, and we will be brief. Substituting the test functions φ = ∇ϕ R (x), ξ(t) = η τ (t), defined by (2.23) and (2.25) into (1.21), and following similar arguments to (2.26)-(2.38), we find that
with the error term ε(R, τ ) vanishing as R → ∞ for each τ > 0. Therefore, passing R → ∞ first, and then passing τ → ∞, we have (1.32).
